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Abst rac t - -The  xtended ifferential quadrature (EDQ) has been proposed. A certain order de- 
rivative or partial derivative of the variable function with respect to the coordinate variables at an 
arbitrary discrete point is expressed as a weighted linear sum of the values of function and/or its 
possible derivatives at all grid nodes. The grid pattern can be fixed while the selection of discrete 
points for defining discrete fundamental relations is flexible. This method can be used to the differ- 
ential quadrature element and generalized differential quadrature element analyses. © 2000 Elsevier 
Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The method of differential quadrature (DQ) defines a set of nodes in a problem domain. Then 
a derivative or partial derivative of a variable function at a node with respect o a coordinate is
approximated asa weighted linear sum of all the function values at all nodes along that coordinate 
direction [1]. The DQ has been generalized which leads to the generic differential quadrature 
(GDQ) [2]. The weighting coefficients for a grid model defined by a coordinate system having 
arbitrary dimension can also be generated. The configuration of a grid model can be arbitrary. 
In the GDQ, a certain order derivative or partial derivative of the variable function with respect 
to the coordinate variables at a node is expressed as the weighted linear sum of the values of 
function and/or its possible derivatives or partial derivatives at all nodes. 
In the EDQ discretization [2], the number of total degrees of freedom attached to the nodes 
are the same as the number of total discrete fundamental relations required for solving the 
problem. A discrete fundamental relation can be defined at a point which is not a node. The 
points for defining fundamental relations are discrete points. A node can also be a discrete 
point. Then a certain order derivative or partial derivative, of the variable function existing in a 
fundamental relation, with respect o the coordinate variables at an arbitrary discrete point can 
be expressed as the weighted linear sum of the values of function and/or its possible derivatives 
or partial derivatives at all nodes. Thus, in solving a problem, a discrete fundamental relation 
0898-1221/00/$ - see front matter (~) 2000 Elsevier Science Ltd. All rights reserved. Typeset by .A2v~S-TEX 
PII: S0898-1221 (00)00047-X 
66 C.-N. CHEN 
can be defined at a discrete point which is not a node. If a point used for defining discrete 
fundamental relations is also a node, it is not necessary that the number of discrete fundamental 
relations at that node equals the number of degrees of freedom attached to it. This concept has 
been used to construct the discrete inter-element tansition conditions and boundary conditions 
in the differential quadrature element analyses of beam bending problem, warping torsion bar 
problem, and frame problem [3-5]. Thus, the EDQ can extend the DQ and GDQ to get these two 
discretization techniques more flexible in treating the boundary conditions or transition conditions 
defined on the inter-element boundaries of two adjacent elements when they are applied to the 
differential quadrature element method (DQEM) and generalized differential quadrature element 
method (GDQEM) [6]. By using these techniques, the differential quadrature finite element 
method (DQFEM) and differential quadrature finite difference method (DQFDM) have also been 
developed [7]. 
In DQEM and GDQEM, the problem domain is separated into many subdomains orelements. 
The DQ, GDQ, and EDQ tehniques are used to discretize the differential or partial differential 
governing equations defined in all elements, the transition conditions defined on the inter-element 
boundaries of two adjacent elements and the boundary conditions of the problem. The DQEM 
does adopts the mapping technique while the GDQEM solves a problem without introducing this 
mathematical technique. In this paper, the EDQ is introduced. Several sample problems are 
solved. Numerical results are presented. 
2. EXTENDED DIFFERENTIAL QUADRATURE 
Typical procedures ofgeneralized differential quadrature discretizations for grid models defined 
by one, two, and three coordinates, eparately, are summarized. 
2,1. One-Coordinate Grid Model 
The grid configuration of the one-coordinate grid model can be a spaced straight or curved- 
line. The EDQ discretization for a derivative of order m at discrete point cr can be expressed by 
dm(~c~ = D~'~i ,  i = 1,2,... No, (2.1) 
d~m 
where No is the number of degrees of freedom and ~)i the values of variable function and/or 
its possible derivatives at the NN nodes. The variable function can be a set of appropriate 
analytical functions denoted by Tp(~). The substitution of Tp(~) in equation (2.1) leads to a 
linear algebraic system for determining the weighting coefficients D~i. The variable function can 
also be approximated by 
¢b(~) = ~p(~)~p, p = 1, 2, . . . ,  No,  (2.2) 
where g2p(~) are the corresponding interpolation functions of ~p. Adopting ffgp(~) as the variable 
function ~(~) then substitute it in equation (2.1), a linear algebraic system for determining D~' 
can be obtained. And the ruth-order differentiation of equation (2.2) at discrete point c~ also 
leads to the extended GDQ discretization equation (2.1) in which D~ ~ is expressed by 
D~-' = dmkOi (2.3) 
d(-~ " 
Using the above equation, the weighting coefficients can easily be obtained by simple algebraic 
calculations. 
The variable function can also be approximated by 
¢(~) : Tp(~)Cp, p = 1,2 , . . . ,ND,  (2.4) 
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where Tp({) are appropriate analytical functions and Cp are unknown coefficients. The constraint 
conditions at all nodes can be expressed as 
~p = XppCp, (2.5) 
where Xpf are composed of the values of Tp({) and/or their possible derivatives at all nodes. 
Then the variable function can be rewritten as 
¢(¢)  = (2.6) 
Using equation (2.6) the weighting coefficients can also be obtained: 
"' 0mT~ , -1 
D~i -  ~ Xi~" (2.7) 
2.2. Two-Coord inate  Gr id  Mode l  
The grid configuration of a two-coordinate grid model can be a triangle, a quadrilateral or 
a certain other configuration. The dimensions for defining the discrete point and node can be 
different. By adopting a one-dimensional node identification method to express both the discrete 
point and node, the EDQ discretization for a partial derivative of order m+n at discrete point 
can be expressed by 
cO,mOtif , -- De, i ~i, i = 1,2 . . . .  ,No .  (2.8) 
The variable function can be a set of appropriate analytical functions denoted by Tj ({, *?). The 
substitution of Tj ({, rl) in equation (2.8) leads to a linear algebraic system for determining D~£[ ~". 
The set of analytical functions can also be expressed by a tensor having an order other than one. 
The variable function can also be approximated by 
¢({,rl)  = @j({ ,~)~j ,  j = 1,2, . . . ,ND,  (2.9) 
where (}j are the values of variable function and/or its possible partial derivatives at the Nlv 
nodes, and ~j({, rl) their corresponding interpolation functions. Adopting the set of ~j({, 7/) 
~m nL 
as the variable function (I)({, rl) , the same procedure can also be used to find De, i ,7 . And the 
(m + n)th-order partial differentiation ofequation (2.9) at discrete point (~ also leads to the EDQ 
DC,~,, discretization equation (2.8) in which ~i is expressed by 
De,,,,,, 0(re+n)/I/i 
~i = O~m0rp , "  (2.1o)  
The .variable function can also be approximated by 
~({, r/) = Tj({,rl)Cj, j = 1,2,. . .  ,ND. (2.11) 
Then the weighting coefficients can also be obtained by 
Dr?  .... oIm+ )Tj o - 1. (2.12) 
In equation (2.11), the unknown coefficients and appropriate analytical functions can also be 
expressed by certain other tensors having orders other than one. 
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By adopting a two-dimensional node identification method to express both discrete point and 
node, the EDQ discretization for a partial derivative of order m + n at discrete point (a, 13) can 
be expressed by 
o(m+n)~aZ ('"n .... . (2.13) 
O~mOTn - -  Da~3ij ~zj. 
The variable function can be a set of appropriate analytical functions denoted by Tpq(~, 7). The 
substitution of Tpq(~, 71) in equation (2.13) leads to a linear algebraic system for determining 
D C'n" The set of analytical functions can also be expressed by a tensor having an order other aZij " 
than two. The variable function can also be approximated by 
• (¢, 7) = %q(¢ ,  (2.14) 
where ~pq are the values of variable function and/or its possible partial derivatives at the nodes, 
and ~pa(¢, 7) their corresponding interpolation functions. Adopting the set of kgpq(¢, 7) as the 
variable function ~(~,7), the same procedure can also be used to determine D¢''''/~ And the nZ~j • 
(m + n)th-order partial differentiation of equation (2.14) at discrete point (a,/3) also leads to the 
EDQ discretization equation (2.13) in which D C''F is expressed by ~B~J 
DC"f' O(m+n)kV n e"  
If the variable function ¢9(¢, 7) can be expressed by a different form 
~(~, 7) = @~(~)~q(7)c~pq, t7 = 1,2 . . . .  , g£, @ = 1, 2 , . . . ,  Nv, 
(2.15) 
(2.16) 
where N£ and N~ 
DC',n,' directions, respectively, a/3ij can be obtained by the following equation: 
DC"f" DC' D~j ~ 
There are three types of triangular grid: 
are the numbers of degrees of freedom attached to the nodes in ~ and 7 
(a) Pascal triangular grid; 
(b) triangular grid having no interior node; 
(c) triangular grid having interior nodes but not being the Pascal triangular grid. 
And there are also three types of quadrilateral grid: 
(a) Lagrange family grid; 
(b) quadrilateral grid having no interior node; 
(c) quadrilateral grid having interior nodes but not being the Lagrange family grid. 
The discrete points based grid types can be similarly discussed. 
(2.17) 
2.3. Three-Coord inate  Grid Mode l  
The grid configuration of a three-coordinate grid model can be a triangle with the variable 
function defined by the area coordinates, a tetrahedron, a triangular prism, a hexahedron, or 
a certain other configuration. The dimensions for defining the discrete point and node can be 
different. By adopting a one-dimensional node identification method to express both the discrete 
point and the node, the EDQ discretization for a partial derivative of order m + n + o at discrete 
point a can be expressed by 
o(m+n+°)~c" D¢'n"C if). 
0(mT   ° = _ .  i = 1, 2 , . . . ,No .  (2.1S) 
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The variable function can be a set of appropriate analytical functions denoted by Tj (~, ~/, 4). The 
substitution of Tj(~,~/, 4) in equation (2.18) leads to a linear algebraic system for determining 
C,n,~C weighting coefficients Dai . The set of analytical functions can also be expressed by a tensor 
having an order other than one. The variable function can also be approximated by 
¢({,r/,4) = @j({,rl,4)e~j, j = 1,2,. . .  ,No, (2.19) 
where ~'~/j({,~,4) are the corresponding interpolation functions of ~j. Adopting the set of 
ffsj({,77, () as the variable function ~({,~,(),  the same procedure can also be used to deter- 
mine D~] '~''~''. And the (m + n + o)th-order partial differentiation of equation (2.19) at discrete 
point a also leads to the EDQ discretization equation (2.18) in which D~'~ 'n''C is expressed by 
The variable function can also be approximated by 
.¢({,rb4 ) = Tj({,r/,4)cj, j = 1,2,. . .  ,No.  
Then the weighting coefficients can also be obtained by 
DC, v,, C o(m+n+°)Tj "




In equation (2.21), the unknown coefficients and appropriate analytical functions can also be 
expressed by certain other tensors having orders other than one. 
By adopting a two-dimensional node identification method to express both the discrete point 
and the node, the extended GDQ discretization for a partial derivative of order m + n + o at 
discrete point (a, 7) can be expressed by 
o(m+n+°) ~'~ - D ~''''1''¢° ~ (2.23) 
The variable function can be a set of appropriate analytical functions Tjr(~, 77, 4)- The substitu- 
tion of Tjr(~ ,~/, 4) in equation (2.23) leads to a linear algebraic system for determining D C'n''¢° 
ot '~ ik  " 
The set of analytical functions can also be expressed by a tensor having an order other than two. 
The variable function can also be approximated by 
¢(~, n, 4) = %r(~, v, 4)~jr, (2.24) 
where ~jr are the values of variable function and/or its possible partial derivatives at the nodes, 
and ~jr(~, ~, 4) their corresponding interpolation functions. Adopting the set of ~jr(~, 7/, 4) as 
the variable function ~(~, ~/, 4), the same procedure can also be used to determine D C'''f'c' And 
o~'~ik ' 
the (m + n + o)th-order partial differentiation of equation (2.24) at discrete point (c~, 7) also leads 
to the EDQ discretization equation (2.23) in which D U'n"C is expressed by 
o~'y ik  
o t? ik  - -  O~mO?~n04o • (2.25) 
Consider that the interpolation functions can be expressed by forming products of two sets of 
functions with one set defined by two coordinate variables while the other set defined by the 
remaining coordinate variable. Then a representative of this type of interpolation functions can 
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be ~s(~, r/)@r(ff). By using this type of interpolation functions, the weighting coefficients how 
to have the following form: 
Da'vikC"~'~¢° = D~'"'~"D¢°~ "v~' (2.26) 
By adopting a three-dimensional ode identification method to express both the discrete point 
and node, the extended GDQ discretization for a partial derivative of order m + n + o at discrete 
point (a, fl, 7) can be expressed by 
O( m+n+°)~o~3,. ¢ : DC%"¢ ° (~ (2.27) 
The variable function can be a set of appropriate analytical functions denoted by Tpqr(~, ~], ~). 
The substitution of Tpqr(~, ~7, ~) in equation (2.27) leads to a linear algebraic system for deter- 
r)C""'¢° The set of analytical functions can also be expressed by a tensor having an mining ~'~i jk  •
order other than three. The variable function can also be approximated by 
7, ¢) = 7, (2.28) 
~ 
where (~pqr are  the values of variable function and/or its possible partial derivatives at the nodes, 
and ~pqr(~, r], ~) their corresponding interpolation functions. Adopting the set of k~pq~(~, r/ ~) as 
the variable function (I)(~, 7/, ~), the same procedure can also be used to determine D C 'n 'C  And ~fl~ijk " 
the (m + n + O) th order partial differentiation f equation (2.28) at discrete point (a, fl, 7) also 
leads to the EDQ discretization equation (2.27) in which D U%°¢° is expressed by aiJ~/ijk 
D~"%ln~° o (m+n+°)~i jk  aft"/ 
~jk  = O~,~&7,~O~o 
(2.29) 
Consider that the interpolation functions can be expressed by the product of two sets of func- 
tions with one set defined by two coordinate variables while the other set defined by the re- 
maining coordinate variable. Then a representative of this type of interpolation functions can be 
~pq({, ~)~r(~). By using this type of interpolation functions, the weighting coefficients how to 
have the following form: 
D C%''¢° = DCW'D C (2.30) (~fl'Tijk afli j ~/k" 
If the variable function (I)(G ~7, ~) can be approximated by the following equation: 
~(~, ,  ~) = ~o(~) ' / 'o ( . ) ' / '~(¢)$~o~,  
fi = 1 ,2 , . . . ,N~,  q = 1,2, . . . ,N~/,  V=l ,2  . . . .  ,N~, 
(2.31) 
where N~, No, and N~ are the numbers of degrees of freedom attached to the nodes in ~, TI, and 
DC, n,,¢ o directions, respectively, afl-yijk can be obtained by the following equation: 
D¢, , , ,7 , ,•  o r~¢, , ,~n,~ r~¢ o al3~ijk = s-~ai a.~flj z~,.~k. (2.32) 
For the triangular grid with the coordinate variables ~, 7, and ( being the area coordinates Lz, 
L2, and L3, the formulations are the same as the above procedures. 
Consider the Pascal triangular grid with the coordinate variables being the area coordinates 
L1, L2, and L 3 and let the variable function be approximated by the following equation which 
uses the three-dimensional ode identification method 
(I)(L1, L2, L3) = @p(L1)ffdq(L2)@e(L3)q?o4e, (2.33) 
Extended Differential Quadrature 71 
where/3, ~, and ~ are the numbers of levels, of a specified node, with respect to L1, L2, and L3, re- 
spectively, and ff2~(L1), qYq(L2), and kOe(L3) can be defined by using the Lagrangian interpolation 
formula 
~(Lk)  = ~ (nLk  - j + l ) t> l ,  
j=1  3 ' - (2 .34)  
= 1, t=0,  
where n is the order of the approximation. Then, the weighting coefficients for a partial derivative 
of order m + n + o at discrete point ((~, j3, V) can be obtained by the following equation: 
DL'~" L~ L~ = DL'~ " DL'2 ' DL'~ (2.35) 
a~'Tijk o~i [~j "~k " 
The types of triangular grid with the coordinate variables being the area coordinates are the 
same as those been listed in Section 2.2. There are three types of tetrahedral grid: 
(a) Pascal tetrahedral grid; 
(b) tetrahedral grid having no interior node; 
(c) tetrahedral grid having interior nodes but not being the Pascal tetrahedral grid. 
There are also three types of triangular prism grid: 
(a) Lagrange family grid having the Pascal triangular cross sections; 
(b) triangular prism grid having no interior node; 
(c) triangular prism grid having interior nodes but not being the Lagrange family grid. 
And there are also three types of hexahedral grid: 
(a) Lagrange family grid; 
(b) hexahedral grid having no interior node; 
(c) hexahedral grid having interior nodes but not being the Lagrange family grid. 
The discrete points based grid types can be similarly discussed. 
The weighting coefficients for a four-coordinate grid model can similarly be calculated. The 
grid configuration of a four-coordinate grid model can be a triangular prism with three of the 
four coordinate variables being the three area coordinates for the triangular cross sections, the 
tetrahedron with the variable function defined by the volume coordinates or a certain other 
configuration. 
It should be mentioned that the appropriate analytical functions can be formed by using 
certain basis functions defined by the coordinate variables independently. The basis functions can 
be the polynomials, sinc functions, Lagrange interpolated polynomials, Chebyshev polynomials, 
Bernoulli polynomials, Hermite interpolated polynomials, Euler polynomials, rational functions, 
. . . .  etc. To solve problems having singularity properties, certain singular functions can be used. 
The problems having infinite domains can also be 
3. SAMPLE PROBLEMS 
3.1. A Cant i lever  Beam 
A Bernoulli-Euler cantilever beam subjected to a laterally distributed force q = x 5. The 
governing equilibrium equation is 
d4w 
E I -~x  4 = x 5, (3.1) 
where w is the lateral displacement and E I  the flexural rigidity. In the analysis, E I  is set to 
be 1. and the length of the beam is also equal to 1. The boundary conditions are 
dw(O) d2w(1) d3w(1) 
w(O) = 0., d----~ =" 0., dx 2 - 0., dx 3 - O. (3.2) 
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One DQ element is used to model the cantilever beam. The polynomials 1, x, x ~, X 3, X 4, . . . ,  
are used to define the interpolation functions. The resulting interpolation functions are Hermite 
interpolation functions. Two degrees of freedom used to represent displacement and displacement 
gradient are assigned to a node. At a discrete point a, equation (3.1) can be discretized 
z 4 5 (3.3) E ID~i  = x~, 
where 
. . .  }T  
1~3 i ~- { Wl  Wl ,x  W2 W2,x W N W N,~, • 
The boundary conditions can also be discretized 
tg 2 ~ X 3 
Wl -~ Wl ,x  = O; DNNiWi = Dg,, i fVi = O, (3.4) 
Equally spaced node grid is adopted for the analysis. Numerical results of displacement at free 
end and bending moment at fixed end for the analyses using three different node grids are listed 
in Table 1. The first and last nodes which are also discrete points are used to define the four 
boundary conditions. For the three-node analysis, two interior discrete points at x = 2/5 and 
x -- 3/5 are used to define two discrete quilibrium equations. For the four-node analysis, four 
interior discrete points at x = 2/7, x = 3/7, x = 4/7, and x = 5/7 are used to define four discrete 
equilibrium equations. And for the five-node analysis, five interior discrete points at x = 2/9, 
x = 1/3, x = 4/9, x = 5/9, x = 2/3, and x = 7/9 are used to define six discrete equilibrium 
equations. The numerical results in Table 1 converge to the exact solutions by increasing the 
number of nodes up to five. 
Tab le  1. Resu l ts  of  a cant i lever  beam sub jected  to  a d i s t r ibuted  force. 
E lement  
Nodes  
D isp lacement  
a t  Free End  
Bend ing  Moment  
a t  F ixed  End 
3 .1534667 x 10 -1  .5013334 x 10 -1  
4 .4021241 x 1O - ]  .1306400 x 10 ° 
5 .4398148 x 10 -1  .1428571 x 10 ° 
Exact  Sol. .4398148 x 10 -1  .1428571 x 10 ° 
3.2. Buck l ing of a S imply  Suppor ted  Rectangu lar  P la te  
The simply supported rectangular plate subjected to an inplane uniaxial oad nx. The sides of 
the rectangle are the four straight lines x = 0, x = 3b, y = 0, and y = b. The governing equation 
is 
C04W 04W 04w n~ 02w 
3x----- T + 2 Ox2Oy------- 7 + ~y~ - D Ox 2 ' (3.5) 
where D is the flexural rigidity of the plate. And the boundary conditions are 
w(o, y) = w(3b, y) = w(x,  o) = w(x,  b) = o, 
02w(0, y) _ 02w(3b, y) _ 02w(x,  O) _ 02w(x,  b) = O. 
OX 2 Ox  2 Oy 2 Oy 2 
(3.6) 
One DQ element is used to model the plate. The two-dimensional node identification method is 
used. Consider the Lagrange family grid and let Nx and Ny denote the numbers of level in x and y 
directions, respectively. The appropriate analytical functions are  xP- ly  q - l ,  p = 1, 2 , . . .  ,Nx ,  
q -- 1, 2 , . . . ,  Ny. The equivalent interpolation functions are Lagrange interpolation. At a discrete 
point (~, fl) equation (3.5) can be discretized 
DX,a 9 r~x 2 r)y2 y4 n x x 2 ,~iw~ + ~i -~ jw, j  + D~jw j = ~ w~ (3.7) 
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functions. The degrees of freedom attached to nodes: (1,j) and (Nz , j )  for j = 2,3 , . . .  ,Ny - 
1; (i, 1) and (i, Ny) for i = 1, 2 , . . . ,  Nz are used to define 2(Nx + N u - 1) conditions of zero 
displacement at the nodes they are attached. The degrees of freedom attached to nodes: (2,j) 
C~2Wl~ 02WN . 
and (Nx - 1, j)  for j = 3, 4 , . . . ,  Ny - 2 are used to define ~ = 0 and ~ -- 0, respectively. 
The degrees of freedom attached to nodes: (i, 2) and (i, Ny - 1) for i -- 2, 3 . . . .  , Nx - 1 are used 
02w" O2WN I 
to define ~ = 0 and ~ = 0, respectively. All other degrees of freedom are used to define 
governing equations at the nodes they are attached. The boundary conditions can be discretized 
Wlj ~-- WN~ j ~-- O~ 
X2 ~2 
D2i w~j = D(Nx_l) iW;j  = O, 
W~l "~ WIN~; --~ O, 
y2 y2 
D2jw;j = D(N,_I)jW~j = O, 
for j = 2 ,3 , . . . ,Ny  - 1; 
for j = 3, 4 , . . . ,Ny  - 2; 
for i = 1 ,2 , . . . ,Nx ;  
for i = 2 ,3 , . . . ,Nz  - 1. 
(3.8) 
The buckling load nx,cr is expressed by nx,cr = AcrTr2D/b 2 where )~cr is the critical load factor. 
Three analyses using three different grids are carried out. The results of the critical load factor 
are listed in Table 2. It shows that Act converges well to the exact solution. 
Table 2. Results of the buckling of a simply supported rectangular plate. 
Grid Pattern Acr 
7 × 7 .403919 × 101 
9 x 9 .399892 × 101 
11 × 11 .400002 × 101 
Exact Sol. .400000 × 101 
3.3. Buck l ing  of  a Bar 
The governing equation of the buckling of a bar is expressed by 
d4w d2w 
EI-~x 4 + P ~x 2 = O, (3.9) 
where P is the axial force. The bar is simply supported and has length L. The boundary 
conditions are 
w(0) - d2w(0) - w(L)  = d2w(L) 
dx 2 dx 2 = O. (3.10) 
One DQ element is used to model the bar. The polynomials 1, x, x 2, x 3, x 4, . . . ,  are used to 
define the interpolation functions. In carrying out the discretization, one degree of freedom used 
to represent the displacement is assigned to each interior node. Four different EDQ discretizations 
are adopted for calculating the critical loads. The first one adopts the Type 1 grid in which only 
one degrees of freedom used to represent the displacement is assigned to each boundary node. The 
degree of freedom assigned to the interior node neighbored to the boundary is used to account 
the second boundary condition at that boundary node while the degrees of freedom assigned 
to the other interior nodes are used to define the discrete governing equations at those nodes. 
The second EDQ discretization adopts the Type 2 grid in which two degrees of freedom used to 
represent the displacement and the first-order derivative of the displacement at a boundary node 
are assigned to each boundary node. The two degrees of freedom assigned to a boundary node are 
used to define the two boundary conditions at that boundary node. The third EDQ discretization 
uses the Type 3 grid in which three degrees of freedom used to represent the displacement, and 
the first- and second-order derivatives of the displacement at a boundary node are assigned to 
each boundary node. Two of the three degrees of freedom assigned to a boundary node are used 
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to define the two boundary conditions at that boundary node while the third degree of freedom 
is used to define the discrete governing equation at an interior discrete point which is not a 
node. The fourth EDQ discretization uses the Type 4 grid in which four degrees of freedom used 
to represent the displacement and the first- to third-order derivatives of the displacement at a 
boundary node are assigned to each boundary node. Two of the degrees of freedom assigned to 
a boundary node are used to define the two boundary conditions at that boundary node while 
the third and fourth degrees of freedom are used to define two discrete governing equations at 
two interior discrete points which are not nodes. At a discrete point a, equation (3.8) can be 
discretized 
(E ID~ + PD~)(v ,  = O, (3.11) 
where 
.. .  }T for Type 1 grid; ?~i ~ { Wl  W2 WNN_ 1 WNN , 
(vi =- {wl  wl,x w2 w3 .. .  WNN_ 1 WNN WNN.~ }, for Type 2 grid; 
Wi ---~ {Wl Wl,x Wl,xx W2 W3 . . .  WNN_I WNN WNN,x WNN ..... }T ,  
for Type 3 grid; 
?~i = { Wl Wl,x Wl,xx Wl,xxx W2 W3 . . .  
...... }T for Type 4 grid. WN N --1 WN N WN N ,x WNN,;rJ" WN N 
The boundary conditions can also be discretized 
W 1 ~--- WNN ~ O, 
X 2 X 2 
n l i  (vi = DNNiWi = O, 
Wl,xx  ~ WN N ,zx ~ O~ 
for all four different grids; 
for Type 1 and Type 2 grids; 
for Type 3 and Type 4 grids. 
(3.12) 
(3.13) 
In carrying out the numerical tests, the nodes are equally spaced in Type 1 grid. Let h = 
L / (ND - 1), the interior nodes in Type 2 grid are located at x = 2h, 3h , . . . ,  L - 3h, L - 2h. 
In Type 3 grid, the interior nodes are located at x = 3h, 4h , . . . ,  L - 4h, L - 3h. And the two 
interior discrete points for defining the two discrete governing equations attached to the two extra 
degrees of freedom assigned to the two boundary nodes are located at x = 2h and x = L - 2h. 
In the Type 4 grid, the interior nodes are located at x = 4h, 5h , . . . ,  L - 5h, L - 4h. And the 
four interior discrete points for defining the four discrete governing equations attached to the 
four extra degrees of freedom assigned to the two boundary nodes are located at x = 2h, x = 3h, 
x = L - 3h, and x = L - 2h. Except the Type 1 grid, the degree of freedom assigned to an interior 
node is used to define the discrete governing equation at that node which is also a discrete point. 
discretization. The n th critical load is expressed by Pcr,~ = CnE I /L  2, where C~ is the critical 
load factor. Numerical results of the first three critical loads are obtained. The values of C1, C2, 
and C3 are summarized and listed in Table 3. It shows that the numerical results converge fast 
to the exact results by gradually increasing the degrees of freedom for all of the four different 
EDQ discretizations. 
3.4. A Steady Poiseuil le Flow 
The governing equation of the steady uniform incompressible viscous flow in a pipe of elliptic 
cross-section i the direction of z-axis is 
l OP + ( O2Vz 02Vz ~ 
- -~ 0---; \ -0~X ~ + 0y 2 J = 0, (3.14) 
where # is the viscosity of the fluid, Vz the velocity component in the z direction and p the 
distribution of pressure. The cross-section of the pipe is defined by x2/4 + y2/16 -- 1. In the 
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Table 3. Results of the buckling of a simply supported bar. 
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Degrees of 
Grid Type Freedom C1 6"2 C3 
8 .100097 × 102 .479737 x 102 .570254 x 102 
1 10 .986559 x 101 .388254 x 102 .769903 x 102 
12 .986968 x 101 .395137 xl02 .814873 x 102 
8 .100097 × 102 .479737 x 102 .570254 x 102 
2 10 .986559 x 101 .388254 x 102 .769903 x 102 
12 .986968 x 101 .395137 x 102 .814873 x 102 
8 .100097 x 102 .479737 x 102 .570254 x 102 
3 10 .986559 x 101 .388254 x 102 .769903 x 102 
12 .986968 x 101 .395137 x 102 .814873 x 102 
8 .100097 x 102 .479737 x 102 .570254 x 102 
4 10 .986559 x 101 .388254 x 102 .769903 × 102 
12 .986968 x 101 .395137 x102 .814873 x 102 
Exact Solution .986960 x 101 .394785 x 102 .888264 x 102 
analysis, the pressure gradient ~ is set to be -1 :  and # is set to be .25. One GDQ element is 
used to model the domain. The polynomials 1, x, y, x 2, y2, xy, x 3, y 3, x2y, xy 2, . . . ,  are used to 
define the interpolation functions. One degree of freedom used to represent velocity is assigned 
to a node. The element nodes are also used to define the discrete fundamental  relations. The 
one-dimensional node identification method is used. At a discrete point ct, equation (3.14) can 
be discretized 
x2 y2 1 c3p 
D~ivzi + D~ivz~ = ~ Oz" (3.15) 
Two analyses by using four and five nodes, separately, are carried out. In the four-node analysis 
the node at (0,0) is used to define a discrete governing equation and the other three nodes 
at (2, 0), (0,4), and ( -2 ,  0) are used to define three discrete boundary conditions. In the five- 
node analysis one addit ional node at (0, -4 )  is added to. set one more discrete boundary condition. 
The numerical  results of velocity at four differenl: points are listed in Table 4. Exact results are 
obtained for the five-node analysis. 
Table 4. Results of the steady viscous" flow in a pipe of elliptic cross-section. 
Element 
Nodes Vz(0, 0) Vz(1, O) Vz(O, 2) V~ (1, 2) 
4 .80000 x 101 .60000 x 101 .40000 x 101 .20000 x 101 
5 .64000 x 101 .48000 x 101 .48000 X 101 .32000 x l0 t 
Exact Solution .64000 x 101 .48000 x 101 .48000 x 101 .32000 x 101 
3.5.. Def lec t ion  of  a C lamped P la te  
The static deflection of the plate is also analyzed. The governing equation is expressed by 
04W 04W 04W q(x, y) 
OX---'--- £ + 2 Ox2Oy----"---- ~ + -- , (3.16) Oy 4 D 
where w is the lateral displacement, D the flexural rigidity and q(x,y) the distr ibuted load. 
Consider a clamped square plate having the side length a. By locating the origin of the coordinate 
system at the center of the plate, the boundary conditions are 
OW a ~w a 
w=O, -~x =0 , fo rx=- t -~;  w=O,~y =0,  fo ry=±~.  (3.17) 
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In the analysis, one DQ element is used to represent the problem domain. Various grids can 
be used. The two-dimensional node identification method adopting the Lagrange family grid 
is used. For interior nodes only the degree of freedom representing the lateral displacement is
assigned while multiple degrees of freedom are assigned to a node on the boundary to represent 
the lateral displacement and displacement gradient in the direction normal to the boundary line. 
Chebyshev polynomials are used to define the approximate displacement function. Thus, the 
problem domain is mapped onto the region t) = {-1 < ~ < 1, -1  _< r] < 1}. And equation (3.16) 
is transformed 
04w 04w 04w a4q 
0--- T + 2 0~20V2 + 0V--- K - 16D' (3.18) 
where ~ and ~] are natural coordinates. Let T~(~i) denote the Chebyshev polynomials. They are 
expressed by 
TI(~i) = 1, T2(~i) = ~i, T3(~.~) = -1  + 2~. , . . . .  
The displacement function can be defined by the two-dimensional expansion of the Chebyshev 
polynomials 
w(~,~]) = Tp(~)Tq(l])Cpq, p = 1,. . .  ,N~+2; q = 1, . . . ,Nn+2. (3.19) 
Using Tj(~i) = Tj(~i) in equations (2.4)-(2.7), the weighting coefficients D~ for rata-order 
partial derivative in ~i direction can be obtained. At an interior discrete point (a,/3) equation 
(3.18) can be discretized 
~4 ~ n2 n4 a4qc'~ (3.20) 
Dai@~r~ + 2DaiDI3J(Vi9 + D~J@"i = 16D 
The discrete boundary conditions are 
wlj -~ WN~ j ~ O, 
Wlj,~ .= WN~j, ~ -~ O, 
W t ~ WiN" = O, 
Wil,~ ! ~-" WiN~,,I ~ O~ 
for j = 2,3,. . . ,N,1 - 1; 
fo r j  = 1,2,.. . ,N,~; 
for i = 1,2, . . . ,N~;  
for i = 1,2 , . . . ,N~.  
(3.21) 
In the above equation, N~ and N n are the numbers of level of the Lagrange family grid in ~ and r] 
directions, respectively. 
The Lagrange family grid is designed to have a form that at the discrete points the Chebyshev 
polynomials in both ~ and ~/directions are zeros. These Chebyshev sampling points are defined 
by ~ [a= - cos(Tr(c~- 1)/(N~ - 1)), ~ = 1, . . . ,  N~. Numerical results of the center displacements 
for the uniformly loaded plate are listed in Table 5. The ordinary finite difference method (FDM) 
and finite element method (FEM) Adini-Clough-Melosh element solutions are also included in 
the table. It shows that the current results converge fast by gradually increasing the Chebyshev 
sampling points. The EDQ needs much less degrees of freedom (DOF) than the FEM and FDM 
to converge. 
Table 5. Results of the uniformly loaded plate. 
Method Mesh Type 
EDQ 5 x 5 
7x7 
9x9  
FEM 8 × 8 
12 x 12 
16 x 16 
FDM 21 × 21 
31 x 31 
41 x 41 
DOF 16Dw/qa 4
9 .2052 x 10 -1 
25 .2025 × 10 -1 
49 .2025 x 10 -1 
108 .2086 ×10 -1 
300 .2053 × 10-1 
588 .2040 × 10 -1 
361 .2068 ×10 -1 
841 .2044 X 10 -1  
1521 .2035 × 10 -1 
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3.6. Beam on E last ic  Foundat ion  
Consider an x-z  Cartesian coordinate system with x-axis coincident with the beam's neutral 
axis. Then the governing differential equation of a beam resting on an elastic foundation is 
expressed as 
E1 d4w~x)" + kw(x)  = q(x),  (3.22) 
dx 4 
where w is the transverse displacement, E Young's modulus, I the moment of inertia of the 
cross-sectional rea, q the distributed load and k the foundation modulus. Multiple elements 
are used to model the beam. The polynomials 1, x, x 2, x 3, x 4, . . . ,  are used to define the 
interpolation functions of an element. Two degrees of freedom used to represent displacement 
and displacement gradient are assigned to each of the two element boundary nodes. One degree 
of freedom for each interior node is used to represent displacement. At a discrete point a in the 
element, equation (3.22) can be discretized 
• e (3 .23)  E ID~iw~ + = q,~, 
where 
-e  = . (3 .24)  W i {W~ tO e . .  W e W e }T NN-  
The transition conditions of two adjacent elements are the continuities of displacements and dis- 
placement gradients which are kinematic transition conditions, and the equilibriums of moments 
and transverse forces which are natural transition conditions. At the inter-element boundary of 
two adjacent elements i and i + 1, the condition of displacement continuity is expressed as 
i 
WNN ~- WZl +1. (3.25) 
The continuity of displacement gradient is 
i w i+ I  (3.26) WNN ,x ~ 1,x ' 
Consider a concentrated moment M i'~+1 being clockwise applied on the inter-element boundary. 
Then the discrete form of the equilibrium of moments at the inter-element boundary is expressed 
by 
z 2 -~ ~rr )~ 2 o:,i+ 1 M~,i+l. (3.27) -E IDNNi ,xxw i + .L~.~,li,xxUJi ~- 
Also consider a concentrated transverse force pi, i+l being discrete form of the applied on the 
inter-element boundary in z direction. Then the equilibrium of transverse forces at the inter- 
element boundary is expressed by 
x 3 -~ ~rr~z 3 -i+1 = pi4+l.  (3.28) -E IDNNi ,xxxWi  + L~L" l i , xxxW i 
In the analysis, E I  and k are set to be 1., q is equal to -1 .  and the length of the beam is equal 
to 3. The cantilever beam resting on an elastic foundation is the structure model. The boundary 
conditions are w(0) = 0., dw(O)dx = 0., ~ = 0. and ~ = 0. The elements used to model 
the structure are equally spaced. Denote Ie the element len~h and 5: the local coordinate with 
the origin located at the first node. Then for the three-node lement, the only interior node is 
at 5: = le/2. For the five-node element, the three interior nodes are at 2  `= le/3, 2` = l~/2, and 
2` = 21e/3. And for the seven-node lement, the five interior nodes are at 2. = le/4, 5: = 3le/8,  
5: = le/2, 2, = 51e/8, and 2, = 31e/4. The two element boundary nodes are used to define the 
discrete inter-element transition conditions or boundary conditions. The interior nodes are used 
to define discrete governing equation. By assembling all discrete equations the overall discrete 
governing/transit ion/bondary equation can be obtained, equations. The numerical results of 
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Table 6. Results of a cantilever beam resting on an elastic foundation and subjected 
to a uniformly distributed force. 
Element Number of Displacement Bending Moment Shear Force 
Nodes Elements at Free End at Fixed End at Fixed End 
-.138280 x 101 
-.127425 x 101 
-.125690 x 101 
-.125101 x I01 
-.124316 x i01 
-.124353 x I01 
-.124356 x 101 
--.124356 x I01 
-.124348 x 101 
-.124356 x 101 
-.124356 x I01 
-.124356 x 101 
-.979181 x 100 
-.970744 x 10 ° 
-.970037 x 100 
-.969920 x 10 ° 
-.968333 x I0 ° 
-.969722 x i0 ° 
-.969851 x 100 
-.969874 x I0 ° 
-.969881 x 100 
-.969885 x 100 
-.969885 x i0 ° 
-.969885 x I0 ° 
.123615 x 101 
.130226 x 101 
.131169 x 101 
.131483 x 101 
.132356 X I01 
.131906 x I01 
.131882 x i01 
.131878 x 101 
.131883 x 101 
.131877 × 101 
.131876 × 101 
.131876 x 101 
Exact Solution -.124356 x 101 -.969885 x 10 ° .131876 × 101 
displacement a the free end and bending moment and shear force at the fixed end obtained by 
the DQEM are listed in Table 6. They are compared with exact solutions. It shows that the 
DQEM solutions converge fast to the exact results by increasing either the number of elements 
or nodes per element. 
4. CONCLUSIONS 
The EDQ can discretize a certain order derivative or partial derivative of a variable function 
with respect to the coordinate variables at an arbitrary discrete point and express it as a weighted 
linear sum of the values of the variable function and its possible derivatives or partial derivatives 
at all grid nodes. Thus, by applying the EDQ to DQEM or GDQEM, the nodes on element 
boundaries can have degrees of freedom assigned to represent the derivatives or partial derivatives 
of the variable function. 
For analysing the two-dimensional potential problems in order to automatically set the kine- 
matic transition conditions by only using certain degrees of freedom assigned to the element 
boundary nodes, the degrees of freedom representing the variable function must be assigned to 
the element boundary nodes. The degrees of freedom representing the partial derivatives of the 
variable function can also be assigned to the nodes of all neighbor elements on the inter-element 
boundary and the compatibility conditions of the higher order partial derivatives can also be 
considered. However, if certain external cause such as the fluid flow, conduction heat flux ... , 
etc. is applied no compatibility condition of partial derivatives can be considered. The discrete 
governing equations can be defined on the inter-element boundaries as the average discrete gov- 
erning equations of multiple elements. They can also be defined on the element boundaries 
without adopting the average treatment. Thus, elements having no interior nodes can also be 
used to the GDQEM analysis. For analysing beam or plate problems in order to automatically 
set the kinematic transition conditions by only using certain degrees of freedom assigned to the 
element boundary nodes, the degrees of freedom representing the lateral displacement and first 
order derivative or partial derivatives of the lateral displacement must be assigned to the ele- 
ment boundary nodes. The degrees of freedom representing higher order derivatives or partial 
derivatives of the displacement can also be assigned to the nodes of all neighbor elements on 
the inter-element boundary and the compatibility conditions of the higher order derivatives or 
partial derivatives can also be considered. However, if the moment is applied the highest order 
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derivative or partial derivative that the compatibility condition can be considered is one. On 
the other hand, if the lateral force is applied on the inter-element boundary the highest order 
derivative or partial derivatives of which the compatibility conditions can be considered is two. 
The philosophy inherent in the outlined techniques for defining discrete connection conditions 
on the inter-element boundaries and the discrete boundary conditions on the boundary also holds 
good for other scientific or engineering problems. 
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